Abstract. The present paper treats with a subfoliation of a CRfoliation F on an almost Hermitian manifold M . When M is locally conformal almost Kähler, it has three CR-foliations. We show that a CR-foliation F on such manifold M admits a canonical subfoliation D ⊥ F defined by its totally real subbundle. Furthermore, we investigate some cohomology classes for D ⊥ F . Finally, we construct a new one from an old locally conformal almost Kähler (in particular, an almost generalized Hopf) manifold.
Introduction
Locally conformal Kähler geometry has been discussed by many mathematicians since Vaisman ([7] ). Most of the known examples of locally conformal Kähler manifolds turn out to be generalized Hopf manifolds, that is, locally conformal Kähler manifolds with parallel Lee form ( [8] ). Classical Hopf manifolds are typical examples of compact generalized Hopf manifolds which are not globally conformal Kähler.
The present paper has two sources. Chen and Piccinni ( [2] ) studied the canonical foliations of a generalized Hopf manifold and the canonical cohomology determined by a CR-submanifold in a locally conformal Kähler manifold. On the other hand, Kashiwada ([4] ) recently introduced a notion of almost generalized Hopf manifolds, which becomes a generalized Hopf manifold when the given almost complex structure is integrable.
The main purpose of the present paper is to extend the results obtained in [2] in the context of almost Hermitian geometry from the viewpoint of foliation. In section 2, we introduce the notion of a CR-foliation on an almost Hermitian manifold. In section 3, we consider a canonical subfoliation D ⊥ F defined by the totally real subbundle for a CR-foliation F on a locally conformal almost Kähler manifold. Section 4 is discussed with some cohomology classes for D ⊥ F . In section 5, we construct a new one from an old locally conformal almost Kähler (in particular, an almost generalized Hopf) manifold.
A CR-foliation of an almost Hermitian manifold
Let (M, J, g) be an almost Hermitian manifold of dimension 2n, and Ω be its fundamental form given by Ω(X, Y ) := g(JX, Y ). Given a foliation F on M , there is an orthogonal decomposition
with respect to g, where F denotes the subbundle of T M tangent to F. Correspondingly, the metric g is decomposed into g = g F + g F ⊥ . Recall that F is said to be bundle-like if g| U is an almost Kähler metric with respect to J on U . It is well-known ( [7] ) that a characterization of a locally conformal almost Kähler manifold is the existence of a Lee form α, that is, a 1-form α such that
Throughout the paper, the Lee form α is assumed to be nowhere vanishing on M . Then we have natural CR-foliations as follows. are totally geodesic and bundle-like (see [6] , [5] ). This implies that F is also totally geodesic and bundle-like. For the foliation E ⊥ ⊕ D ⊥ it is proved in [4] . Indeed, it holds ∇ A B = ∇ B B = 0. 
A canonical subfoliation of a CR-foliation
This completes the proof. 
where Π denotes the Weingarten map for F. Similarly, we find
We may take the trace of the previous equations with respect to a local orthonormal frame field
H(Y, Z) := (∇ Y J)Z + β(Z)Y − g(Y, Z)B + α(Z)JY − Ω(Y, Z)A.
Then (4.2) and (4.3) imply
which yields (4.1).
Corollary 4.2. Under the same situation as in Proposition 4.1, D F is minimal if and only if
be the basic cohomology for F (see [6] ). Since F ⊂ E, we have that Ω F is harmonic. The rest of the proof follows by a similar argument as in [2] . 
where 2b = dim D F and α F is the restriction of the Lee form α to F.
Proof. Recall the definition of the Godbillon-Vey class for
where ψ is 1-form on
Therefore, we may choose ψ = 2bα F and hence from (4.5) we obtain the conclusion.
Examples
The simplest example of almost generalized Hopf manifolds is the Riemannian product of K-contact manifolds and the real line R. On the other hand, Proposition 2.2 provides an example of almost generalized Hopf manifolds in the almost Hermitian submersion (onto almost Kähler manifolds) context (see [10] ).
In this section, we construct a new one from an old locally conformal almost Kähler (in particular, an almost generalized Hopf) manifold. Our results extend those in [9] to the almost version. We start with recalling several definitions.
Definition. An almost contact metric manifold (N, ϕ, ξ, η, h ) is said to be almost quasi-Sasakian if its fundamental form Φ is closed. Moreover, when Φ is closed and η is integrable (namely, η ∧ dη = 0), it is said to be special almost quasi-Sasakian.
A locally conformal special almost quasi-Sasakian manifold is characterized by ( [9] )
where ω is a closed 1-form satisfying
Here [ϕ, ϕ] denotes the Nijenhuis tensor of ϕ. Proof. Let ϕ and h be the restriction of J and g to the subbundle F τ given by τ = 0 and ξ := −Jζ, where ζ denotes the unit vector field normal to F τ . Then the dual 1-form to ξ is η = τ •J |τ | . It is easy to see that (ϕ, ξ, η, h) yields an almost contact metric structure on the leaves of the foliation F τ .
The fundamental form Φ of ϕ satisfies
whereᾱ is the restriction of the Lee form α on M to F τ . Proof. It is proved in [1] that the leaves of F η carry an induced almost Hermitian structure whose fundamental form Ω satisfies It can be characterized as a locally conformal special almost quasiSasakian manifold with ω = η in (5.1). Consider the Riemannian product manifold M := N ×R, which admits an almost Hermitian structure. Let T be the unit tangent vector field of R and ω be its dual form. Then the fundamental form Ω on M satisfies
It follows that dΩ = 2η ∧ Ω, so that M is a 2n-dimensional locally conformal almost Kähler manifold whose Lee form is η. If we take the Pfaff form τ as η in Corollary 5.3 then τ • J = ω, which is parallel. In this case, the leaves of the foliation F η carry an induced almost Kähler structure.
